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First among equals

Behind the scenes, equations rule
our everyday lives. Mathematician
lan Stewart goes in search of the
most influential

HE alarm rings. You glance at the clock.
T'I'Iwnms i 6.30 am. You haven't even

gotout of bed, and already at least six
mathematical equations have influenced your
lifie. The memory chip that stores the time in
your clock couldn't have been devised without
a key equation in quantum mechanics. Its
time was set by a radio signal that we would
never havedreamed of inventing were it not
for James Clerk Maxwell's four equations of
electromagnetism. And the signal itself
travels according to what is known as the
wave equation.

We are afloat on a hidden ocean of
equationz. They are at work in transport, the
financial system, health and crime prevention
and detection, communications, food, water,
heating and lighting, Step into the shower and
you benefit from equations used to regulate
the water supply. Your breakfast cereal comes
from crops that were bred with the help of
statistical equations. Drive towork and your
car's asradynamic design is in part down to
the Navier-Stokes equations that describe how

% mir flows over and around (L Switching on its
atnav involyves quantum physics again, plus
ewton's laws of motion and gravity, which

ax?

helped launch the geopositioning satellites
and set their orbits. It also uses random
number generator equations for timing
signals, trigonometricequations to compute
location, and special and general relativity for
precise tracking of the satellites” motion under
the Earth's gravity,

Without equations, most of our technology
would never have been invented. OF course,
important inventions such as fire and the
wheel came about without any mathematical
¥ ledge. Yetwithout s we would
be stuck in a medieval world.

Equations reach far beyond technology
too, Without them, we would have no
understanding of the physics that governs
the tides, waves breaking on the beach, the
ever-changing weather, the movements of
the planets, the nuclear furnaces of the stars,
the spirals of galaxies - the vasiness of the
universe and our place within it.

There are thousands of Important
equations, The seven Ifocus on here - the
wave equation, Maxwell's four equations,
the Fourier transform and Schrodinger's
equation—illustrate how empirical
observations have led to equations that
weuse both in science and in everyday life.

First, the wave equation. We live ina
world of waves. Our ears detect waves of
compression in the airas sound, and our
eyesdetect light waves, When an carthquake
hits a town, the destruction is caused by
selsmle waves moving through the Earth,

Mathematicians and scientists could >
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Euler’'s Formula

{ e’)=cos@ + jsinf }

4 cos(—X) = cos(X) )
cos(x — %) = sin(X)

2cos” x =1+ cos(2x)

2sin” x =1-cos(2x)
2sin(X) cos(X) = sin(2X)

d

—sin X = cos X
dx

cos(X)cos(y) = l(cos(x +VY)+cos(X — y))
\_ (product-to-sum formula) )
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(Continuous-Time) Fourier Transform

Time Domain Frequency Domain
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Fourier Transform Pairs (1)

Time Domain Frequency Domain

{g (t)=TG( f )ejZ”ﬁdf - = \G( f): T g(t)e"z”ﬂdﬂ

—00

cos(lﬂ/o‘t)-u-)g:.h;/o:.rl._)ejzﬂfot\ F \5(f _fo) ] 1 .
#,
4=o C l=—=05(f)

5(t)==1

1

> f
o y




Fourier Transform Pairs (2)

Time Domain Frequency Domain
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Fourier Transform Pairs (3)

Time Domain Frequency Domain
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Important Properties

(x*y b0 = [ X()y(t—md = [ X(t-m)y(u)d

Convolution Properties:
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m(t) : :? : x(t): Channel Y(g: T V(t) C]—» m(t)

1 |
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Modulator Demodulator

Key equation:

LPF (m(t)x\/icos(zﬂfct))x(\/zcos(bzfct)) =m(t)
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[Demo_DSBSC_Sound_Read WAV.m)]
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DSB-SC (Zoomed in time

~

-

1 1 1 1 1 1 1 1 1
1.0005 1.001 1.0015 1.002 1.0025 1.003 1.0035 1.004 1.0045 1.005

L'v '

1 1
1 1.0005 1.001

1 1 1 1 1 1 1
1.0015 1.002 1.0025 1.003 1.0035 1.004 1.0045 1.005

M 26

N

Seconds Seconds
0.2 0.2
0.15+ B 0.15+ B
3 3
=] =]
IM(f)] £ o L HX(H
[o)} (o2}
s s
0.05+ B 0.05 B
0 - - - 0
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
Frequency [Hz] X 10y K Frequency [Hz] X 104 /
2 I
v(t) m(t)
_2 1 1 1 1 ! 1 1 I 1 _1 1 L L L L L L L L
1 1.0005 1.001 1.0015 1.002 1.0025 1.003 1.0035 1.004 1.0045 1.004 1 1.0005 1.001 1.0015 1.002 1.0025 1.003 1.0035 1.004 1.0045 1.005
Seconds Seconds
0.2
0.15+ B
Q [0
V(I < : 7
f g g) 0.1+ - M (f)
= =
0.05+ E
0 - . . . . i
-2.5 2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
Frequency [Hz] X 104/ Frequency [Hz] X 1 04




ON-OFF Keying (OOK)
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f. =100 Hz
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Cos vs. Cos Pulse

x(t) = cos(2m(100)t)
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__Jcos(2m(100)t), 0.4 <t <0.6,
x(t) N { 0, otherwise.
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Spectrum of a train of rect. pulses
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Spectrum of a train of rect. pulses
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Does this mean ‘S( f )‘ will simply be a sum of ‘P( f )‘ -1
and therefore its shape will be similar to ‘P( f )‘ ?
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Spectrum of a train of rect. pulses
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Spectrum of a train of rect. pulses
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Spectrum of a train of rect. pulses:

a revisit to an earlier OOK Example
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